The study of laminar flows with simple streamlines in conducting fluids that might support kinematic dynamo action has a long history. Early successful examples include the Gailitis (1970) dynamo, which has two meridional rolls. We show here that a single meridional roll, considered as a limit of a modified Gailitis-like dynamo, can also support kinematic dynamo action in a deep spherical shell. This flow has a claim to be the simplest such flow possible.
Introduction
Gailitis (1970; see also Moffatt 1978) showed that a simple axisymmetric laminar flow, consisting of a meridional roll in each of the northern and southern hemispheres of a sphere of conducting fluid, can drive dynamo action resulting in the generation of a steady non-axisymmetric magnetic field. His analysis was restricted to the limit in which the minor radii of the rolls was small compared to the other dimensions of the system. Moss (2006; hereafter M2006) , in a numerical study, showed that Gailitis' results remain approximately valid for rolls with minor radii of the order of the radius of the embedding sphere (see also Gailitis 1993 Gailitis , 1995 . M2006 also showed that if the sense of flow in one of the rolls was reversed, then a new class of unsteady solutions could be found. Dudley and James (1989;  hereafter DJ) gave a comprehensive survey of laminar flows that could drive dynamo action in a conducting sphere. [Gubbins et al. (2000a [Gubbins et al. ( , 2000b made further extensive surveys of dynamo action by steady flows in spheres.] One of DJ's simplest examples was a meridional flow in a single roll passing through both hemispheres (radial velocity / cos , the polar angle) together with a simple latitudeindependent differential rotation (absent in the Gailitis-like examples of M2006). This flow supported oscillatory dynamo action with a non-axisymmetric magnetic field, for sufficiently rapid motion.
The question then arises: what is the simplest laminar flow that can support dynamo action in a spherical shell? We show that flow in a single meridional roll can support dynamo action in the absence of differential rotation, and demonstrate the relation between this dynamo and those driven by the ''reversed Gailitis''-type flows, studied by M2006. Is there a connection between the simple laminar dynamo of DJ and the Gailitis dynamo? We investigate these and other issues.
Motivation
Figure 1(a) shows the streamlines of a reversed ''finite Gailitis-like'' flow of the kind shown by M2006 to support an oscillatory kinematic dynamo, and figure 1(c) shows the meridional part of the DJ flow. Now let the rolls in figure 1(a) approach more closely to the equator, as in figure 1(b). The flow is oppositely directed immediately above and below the equator, and in the limit the effective flow in this region will be small, and the net flow will approach a single roll of the general form considered by DJ as shown in figure 1(c).
Remember, however that in the DJ flow, a differential rotation is also present. Thus this investigation proceeds via the following steps. (1) Show that a ''single roll'' flow without differential rotation can drive dynamo action; (2) show that as the ''reversed Gailitis'' rolls become larger and move nearer to the equator, then there is a smooth transition to the result (1); (3) reproduce the DJ result; (4) investigate dynamo action with the meridional part of the DJ flow, but no differential rotation. We also make a further step (5), to show that an asymmetrically located single roll can also drive dynamo action.
The numerical code
We integrate the standard MHD equation
using the code and procedure described in M2006. (The diffusivity has been assumed to be uniform, and so does not appear explicitly in this dimensionless form of the induction equation. The length is scaled with R * , the radius of the fluid sphere, and the unit of time is R 2 Ã =.) Briefly, the code expresses the magnetic field in terms of ''superpotentials'' È and É for the poloidal and toroidal parts of the field, Chandrasekhar 1961) , and uses a modal expansion in azimuth. In meridional planes, second-order spatial derivatives are used on a finite difference grid with M points distributed uniformly in fractional radius r 0 r 1, and N points uniformly over polar angle , 0 . Equation (1) is timestepped using a semi-implicit Dufort-Frankel method of second-order accuracy in time.
The code is used in linear form, only k ¼ 1 solutions (azimuthal dependence e ik ) are considered, the field at r ¼ 1 is fitted to a vacuum exterior field, and an arbitrary zero boundary condition È ¼ É ¼ 0 is applied at the inner boundary at radius r 0 . We take r 0 ¼ 0.2 for the majority of the computations discussed in Sections 4 and 6. In M2006, it was shown that using overshoot-type boundary conditions, simulating È and É going to zero at distance below the inner boundary by writing @ðÈ, ÉÞ=@r ¼ ðÈ, ÉÞ=, did not affect solutions significantly. In many cases M ¼ 61, N ¼ 101 is found to be adequate. For some cases, and also to check convergence, a higher resolution, up to M ¼ N ¼ 201, is used. (Although computations with M, N > 201 could in principle be handled quite readily, this code matches the poloidal field at the outer boundary to a potential field by a modification of the matrix multiplication method of Jepps (1975) , and computation of this matrix by standard library routines becomes difficult for larger values of N. Thus, it was decided to restrict computations to N 201, with subsequent implicit restriction on attainable magnetic Reynolds numbers.)
The meridional flow is defined by a time-independent streamfunction , so that
with respect to a spherical polar coordinate system (r, , Þ. We assume throughout that the density is uniform, and so does not explicitly appear in (2). Gross symmetry properties of both magnetic and velocity fields are described by a parity parameter P, where P ¼ þ1= À1 for fields with radial components that are respectively of even/odd symmetry with respect to the equator (e.g. Moss et al. 1991) . It is convenient to use a more general definition of the parity of magnetic and velocity fields by defining [195] [196] [197] [198] [199] [200] [201] [202] [203] 
where E þ , E À are the energies in the part of the relevant field that are respectively symmetric, antisymmetric with respect to the equatorial plane (see, e.g., Moss et al. 1991) . Equation (1) was integrated until an eigenmode was reached, showing an exponential growth of the global magnetic energy with time, with unchanging spatial structure (with appropriate allowance for cases of oscillatory growth).
The reversed Gailitis-type flows

Two roll and one roll flows
The meridional velocity is now given in dimensionless form by a streamfunction , where
Here m and n are positive integers. A is an adjustable constant that controls the magnetic Reynolds number of the flow for given m and n; we define Rm ¼ VR Ã =, where V is the r.m.s. velocity of the flow and R * and are the radius and resistivity of the fluid sphere (this definition of Rm is slightly different from that of M2006). Thus when n is even and A > 0, motions are upwards near the north pole and downwards near the south pole, whereas if n odd, flow is upwards near both poles. We can thus construct a ''reversed Gailitis''-type flow either by taking n to be even, or by allowing n odd and reversing the sign of A in the southern hemisphere -this will be the case where n ¼ 1 below. Larger values of m, n give more localised velocity distributions. To some extent the value of m controls the angular distance of the stagnation points of the rolls from the axes ¼ 0, , and n controls the angular distance from the equatorial plane ¼ =2 -see, e.g. figure 1. All these flows are antisymmetric with respect to the equatorial plane, with parity À1. We present in figure 2 
Transition to steady growth
In Section 4.2, we noted that although there was a smooth transition from two-roll solutions with n > 0 to the single roll solution with n ¼ 0, the n > 0 solutions were oscillatory near marginal excitation, whereas the n ¼ 0 was steady. Thus, for the case n ¼ 1 we also investigated the nature of the solutions as Rm increases. In figure 4 , we plot the growth rate À of the field against Rm for m ¼ 4, n ¼ 1. There is a bifurcation from oscillatory to steady growth at 2:1 Â 10 3 Rm2:3 Â 10 3 .
Dudley and James flow
DJ's flow is given by However, when the spatial resolution is increased, there is no evidence of convergence; at M ¼ N ¼ 201 growing fields were not found at accessible values of R. Thus, it cannot be deduced that this flow can support dynamo action.
At first sight, this negative, or at least inconclusive, result seems hard to reconcile with the results of Section 4.1 for the one-roll case with n ¼ 0. However, there are significant differences between the meridional part of the DJ flow and the m ¼ 4, n ¼ 0 flow of Section 4.1. In the latter case u r , u ! 0 at all boundaries of the computational region, whereas the DJ flow has u r 6 ¼ 0 at the poles ¼ 0, , and u 6 ¼ 0 at the surface. Also, the m ¼ 4, n ¼ 0 flow is significantly more concentrated to the neighbourhood of the stagnation point than the DJ flow (5). In particular, for the larger values of R that appear to be needed for dynamo action in the absence of differential rotation, the nonzero u at the surface advects the magnetic field strongly towards the south pole, decreasing the length scales, increasing dissipation and inhibiting dynamo action. Similar arguments are presented by Gubbins et al. (2000a Gubbins et al. ( , 2000b .
One further comment is required. If the results for the DJ flow (5) are to be compared with the single roll solutions of Section 4, then some care must be taken. The DJ definition of the controlling parameter R and the parameter Rm used through most of the above are related by
A dynamo with a single asymmetric roll
The question now arises, how much does the excitation of the single roll dynamo, such as that of Section 4.1, depend on the positioning of the roll, in particular on its minor axis lying in the equatorial plane? In order to make a preliminary exploration of this issue, the code was run with velocity field given by m ¼ 6, n ¼ 3 in the northern hemisphere only, i.e. v ¼ 0 in the south. Streamlines are shown in figure 3(b) . Taking Rm > 0, a steady dynamo was again found to be excited, with marginal Rm about 460, and parity P % þ0:34. Increasing the resolution to M ¼ N ¼ 201 changes the marginal value of Rm to about 450, so the solution appears to be reliable.
With negative values of Rm, a satisfactory demonstration of dynamo action could not be made for this flow field. It is unclear whether this is a limitation of the spatial resolution used (i.e. the marginal magnetic Reynolds number is too large for M ¼ N ¼ 201 to give satisfactory spatial resolution), or a more fundamental property of this flow. Clearly, on grounds of continuity, a single roll with Rm < 0 should be capable of driving dynamo action for some positions of the stagnation point/line in the northern hemisphere since, for the single roll of Section 4.1 with stagnation line in the equator, excitation conditions will be identical for flows with magnetic Reynolds numbers AERm. [Since, given the absence of rotation, if figure 3(a) is inverted in the equatorial plane, a flow with the same Rmc will be obtained, but with the velocity now ''down'' near the axis, rather than ''up''. In other words, the figure viewed standing on one's head is equivalent to that with negative Rm.] As the stagnation point moves further from the equator (in the above model, n increases) asymmetry between the flows with positive and negative Rm increases, and it appears that excitation with Rm < 0 becomes more difficult. The case computed above is rather extreme -a milder 200 D. Moss [195] [196] [197] [198] [199] [200] [201] [202] [203] asymmetry with a displaced stagnation point but the flow still extending through both hemispheres could be envisaged -but this issue was not pursued.
Conclusions
It has been demonstrated numerically that a single (axisymmetric) meridional roll can drive kinematic dynamo action in a deep spherical shell of conducting fluid. The magnetic fields generated are necessarily nonaxisymmetric (as implied by a variety of anti-dynamo theorems). This flow seems to be simpler than that supporting any previously investigated dynamo in such a geometry, where the fluid motions are confined to a finite region. [The Ponomarenko dynamo, Ponomarenko (1973) , is another very simple example, but there the fluid motions extend to infinity.] There is freedom to locate the roll asymmetrically with respect to the equatorial plane, even to the extent that velocities are non-zero in only one hemisphere. Further, when the roll is symmetrically positioned with respect to the equatorial plane, the magnetic fields generated can, near marginal values of the flow velocity, be considered to be a limiting case of dynamos with two rolls, oppositely directed in the northern and southern hemispheres, in what might be called a ''reversed finite Gailitis'' configuration. It is difficult to envisage a less complex flow that might support dynamo action in a sphere or spherical shell.
''One roll'' dynamos are of interest in the context of dynamo theory but astrophysical situations with such symmetry breaking flows are however hard to envisage. Large scale flows in astrophysical bodies are usually driven by rotation or large-scale axially symmetric magnetic fields (e.g. Mestel 1965) , and consist of sets of cellular flows symmetric with respect to the equatorial plane with flow parity þ1. Large scale stellar magnetic fields with symmetry axes perpendicular to the rotation axis can, in principle, drive flows with equatorial asymmetry, but then the flows cannot be used to generate the fields! Speculatively, perhaps flows in dynamo experiments where the fluid motions are driven by propellers at one end of a cavity, might contain a component of similar geometry.
The simplicity of these nonaxisymmetric dynamos driven by simple meridional flows, compared with the care necessary to choose velocity fields to generate axisymmetric magnetic fields, is striking. Of course, the examples discussed here all ignore back reactions of the Lorentz force onto the flow; in a more self-consistent dynamical treatment the meridional flow would be modified and a differential rotation would arise.
